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w  . xBerkovich et al. Proc. Amer. Math. Soc. 115 1992 , 955]959 classified all groups
in which the degrees of the nonlinear irreducible characters are distinct. In this
paper we classify all solvable groups in which only two nonlinear irreducible
 .characters have equal degrees Theorem 7 . Q 1996 Academic Press, Inc.
1. INTRODUCTION
 .Let Irr G be the set of all irreducible characters of a finite group G,
 .and Lin G the set of all linear characters of G. Put
cd G s x 1 x g Irr G , Irr G s Irr G y Lin G , 4 .  .  .  .  .1
a  4cd G s x 1 x g Irr G , Irr G s Irr G y 1 , 4 .  .  .  .1 1 G
Lina G s Lin G l Irra G . .  .  .
< < <  . <DEFINITION. A group G is said to be a D -group if cd G s Irr Gk 1 1
y k, where k is a nonnegative integer.
w xBy BCH , a nonabelian group G is a D -group if and only if0
G g Q 23 , E 32 , C pm y 1 , E pm , ES m , 2 , .  .  .  .  . . 4 .
 .  m.where C n is the cyclic group of order n, E p the elementary group of
m  . 1q2 m  m.order p , ES m, p the extraspecial group of order p , Q 2 the
U The author was supported in part by the Ministry of Absorption of Israel.
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m  .generalized quaternion group of order 2 , and A, B a Frobenius group
with kernel B and complement A.
It is easy to see that an epimorphic image of a D -group is a D -groupk s
 .for some s F k we consider abelian groups as D -groups . If cd G s0
 4  .   .  .  .1, d , . . . , d , 1 - d - ??? - d , then d G s a 0 ? 1, a 1 ? d , . . . , a s ?1 s 1 s 1
4  .  .d denotes that Irr G contains exactly a i characters of degree d for alls i
 .  . < X < Xi d s 1 . Obviously, a 0 s G : G , where G is the commutator sub-0
group of G.
 w x.  .  .Recently L. S. Kazarin see BK proved that PSL 2, 5 and PSL 2, 7
are the only simple D -groups the proof depends on the classification of1
finite simple groups and the results of Feit and Seitz about rational simple
w x.groups FS . It follows from the results of that paper that these two groups
are the only nonsolvable D -groups. Therefore the classification of D -1 1
groups is completed.
The following lemma contains well-known results.
 .  4  .LEMMA 1. a Let 1 - N 1 G and let GrN be cyclic. If l g Irr N is
nonprincipal, then all the irreducible constituents of the induced character lG
 G :  G.ha¨e the same degrees and l , x s 1 for x g Irr l .
 .  4 a .  G.b Let 1 - N 1 G, l g Irr N , x g Irr l , and let x sN
 .  X .e l q ??? ql be the Clifford decomposition. The group Lin GrNG actsx 1 t
 G.on the set Irr l by multiplication; let O , . . . , O be orbits of that action,1 s
x i g O , i s 1, . . . , s. Theni
 .  i .X1b O s Irr x r , where r is the regular character of ai G r NG H
group H;
 .2b if x g O , theni
 G:  i G:  i :  i i :X Xx , l s x , l , x , x r s x , x r ;G r NG G r NG
 . X3b if G F N then s s 1 and
lG s e x 1 q ??? qx k , Irr lG s x 1 , . . . , x s , 4 . .
x 1 1 s ??? s x s 1 . .  .
 . w xc BZ, Lemma 3.35 Let G be a nonabelian p-group,
d G s a 0 ? 1, a 1 ? pc1. , . . . , a s ? pc s. , c 1 - ??? - c s . 4 .  .  .  .  .  .
 . 2  .If a 1 - p y p then G ( ES m, p .
 . w x  4 Xd B1, Lemma 7 Let 1 - N 1 G, N F G , GrN a p-group. If
<  G. < <  G. < a .  .  4 Gcd l s Irr l for any l g Irr N s Irr N y 1 then l s exN
 .   G.  ..with x g Irr G ob¨iously, Irr l : Irr G .1
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 .  X.  . XProof. We will prove b . If m g Lin GrNG , then xm r sG r NG
 .Xxr , and 1b is evident. With the same m,G r NG
 G:  :  G: :xm , l s xm , l s x , l s x , l , . N N
G G :  :X X X X Xxm , xr s xm , x 1 s xm , x s x , x , .  . :  :G r NG NG NG NG NG
 .  G.and 2b is proved. Let GrN be abelian. It follows from Irr l :
 .G.  .G GIrr x and x s xr that s s 1. The expression for l followsN N G r N
 .from 2b .
2. NILPOTENT D -GROUPS1
In this section we classify all nilpotent D -groups.1
LEMMA 2. Let G be a nilpotent D -group. Then G is a p-group for a prime1
< < np, G s p and one of the following assertions holds:
 .  .a G s ES m, 3 .
 . < X < <  . <  .  4  .  . cb G s 2, Z G s 4, Irr G s x , t , x 1 s t 1 s 2 , n s
2c q 2.
 . < X < <  . <  .  4  .  . c1.c G s 4, Z G s 2, Irr G s x , s , t , x 1 s s 1 s 2 ,
 . c1.q1  .t 1 s 2 , n s 2c 1 q 3.
 .Proof. Let G s P = A, P g Syl G be nonabelian. Suppose that A )p
 41 . If
a  4f , q g Irr P , f 1 / q 1 , l g Lin A s Lin A y 1 .  .  .  .  .1 A
then the consideration of the characters f = 1 , f = l, q = 1 , q = lA A
 .yields a contradiction. Hence P is a D -group, so that P ( ES m, 2 by0
 . < < <  . <Lemma 1 c . Since A is odd then Lin A ) 2. Hence there exist in
a .  .Lin A distinct l, m. If f g Irr P then f = 1 , f = l, f = m are1 A
distinct irreducible nonlinear characters of G of the same degree, a
 4 < < n  .   .  .contradiction. Thus A s 1 and G s p . Let d G s a 0 ? 1, a 1 ?
c1.  . c s.4  . k  .p , . . . , a s ? p , a 0 s p . If G ( ES m, p then p s 3. In what
 . 2 follows suppose that G is not extraspecial. Then a 1 G p y p Lemma
 .. 2  .1 c . Since G is a D -group then p y p s 2 so that p s 2, a 1 s 2.1
We have
n < < k 2 c1. 2 c s.2 s G s 2 q a 1 2 q ??? qa s 2 , .  .
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 .  .  .or, since a 1 s 2, a 2 s ??? s a s s 1,
2 ny2 c1. s 2 ky2 c1. q 2 q 22 c2.y2 c1. q ??? q22 c s.y2 c1. . 1 .
 . 2 ny2 c1. ky2 c1.Let s s 1. Then, by 1 , 2 s 2 q 2, so that
< X < nykk s 2c 1 q 1, n s 2c 1 q 2, G s 2 s 2. .  .
w x2 w 2 x 2  .If x, y g G then 1 s x, y s x, y and y g Z G for all y g G. Since
 .  . X  .G is not isomorphic to ES m, 2 , Z G ) G . Then, for x g Irr G ,1
2ny2 2 c1. ny22 s 2 s x 1 F G : Z G F 2 , .  .
<  . <so that Z G s 4.
 .  .Now let s G 2. Then, by 1 , k s 2c 1 q 1 and
2 ny2c1.q1. s 1 q 22 c2.yc1.y1. q ??? q22 c s.yc1.y1. .
Hence
s s 2, c 2 s c 1 q 1, n s 2c 1 q 3 s 2c 2 q 1, k s 2c 1 q 1, .  .  .  .  .
< X < nykG s 2 s 4.
 .  . c2.Take x g Irr G such that x 1 s 2 . Then1
2ny1 2 c2. ny12 s 2 s x 1 F G : Z G F 2 , .  .
<  . <so that Z G s 2.
 .  .It is easy to see that groups a ] c in Lemma 2 are D -groups.1
In what follows we suppose that a D -group G is not nilpotent.1
3. KEY LEMMA
In this section we prove the following
LEMMA 3. Let N be the last member of the lower central series of a
nonnilpotent sol¨ able D -group G. Then GrN is abelian.1
 4Proof. Since G is not nilpotent, N ) 1 . In what follows suppose that
GrN is nonabelian. Then N - GX.
Let R - N be a normal subgroup of G such that NrR is a minimal
normal subgroup of GrR. It follows from the choice of N that GrR is
nonnilpotent.
w x   .  2 ..Suppose that GrR is a D -group. By BCH , GrR ( Q 8 , E 3 . To0
obtain a contradiction, we may assume, without loss of generality, that R is
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< < n  .a minimal normal subgroup of G. Set R s p . We have GrN ( Q 8 . To
w xprove that N is nonabelian we use I, Theorem 6.15 and the degree
 4equation. Suppose that N is abelian. We have cd G : 1, 2, 4, 8 and
 n . < < < < 2 2 n72 p y 1 s G y GrR F 4 q 8 s 80, so that p s 2. Take Q g
 . < X <Syl G . Since G : G s 4, GrQ is of maximal class of order 16, but this3
 4group is not a D -group, i g 0, 1 .i
Suppose that N is nilpotent. Then, by the previous result, N is a
 .  . X p-group, p s 3, R s Z N s F N s N the last equalities follow from
the fact that the Fitting subgroup centralizes all the abelian minimal
.normal subgroups of a group . Hence, N is a minimal nonabelian group.
< <  . Then R s 3 and exp N s 3. Take a faithful x g Irr G such a x exists
.since R is the unique minimal normal subgroup of G . We claim that
<  .  .  .3 x 1 . Obviously, this is the case if R s Z G . Suppose that C R sG
< <  .H - G; then G : H s 2. Let l g Irr x . Since x is faithful, l isH
 .faithful too by Clifford's Theorem obviously, H is a monolith . Therefore
<  .  . <  . <  .  .3 l 1 since R F Z H . Then 3 l 1 x 1 Clifford , and the claim is
proved. To obtain a contradiction we use the following slight generaliza-
w x  .tion of I, Theorem 6.15 : x 1 divides the index of every abelian subnor-
 .  4mal subgroup for any x g Irr G . We have cd G : 1, 2, 6, 8, 12 and
< < < <  .2  .144 s G y GrR F  x 1 . Therefore Irr G yx g IrrG .y IrrG r R .
 .  4  .  .Irr GrR s x , x 1 s 12. Then k G , the class number of G, is equal
 .to 7. Considering C R , we obtain a contradiction. Thus, N is nonnilpo-G
 . wtent. Then p / 3. It follows from C R s R that n ) 1. By I, TheoremG
x  . <  .6.15 , x 1 72 for any x g Irr G . Hence
n < < < < 2 2 2 2 2 2 272 p y 1 s G y GrR F 3 q 4 q 6 q 9 q 12 q 18 q 24 .
q 362 q 2 ? 722 ,
n  2 3 2 2 24 < <  . < n 2so that p g 5 , 5 , 7 , 11 , 13 . Since 9 Aut R , it follows that p s 7
or 132. Since in those cases GrR is not isomorphic to a subgroup of
 .Aut R we obtain a contradiction. Thus, GrR is a D -group.1
 4 Suppose that N is a minimal normal subgroup of G, i.e., R s 1 if we
.obtain in that case a contradiction, the lemma will be proved . Set
< < nN s p . By Lemma 2, GrN is a q-group and, since G is nonnilpotent,
p / q.
 .In view of Lemma 1 c and Lemma 2 we have to consider the following
possibilities for GrN.
 .  .i GrN ( ES m, 2 .
X < X < 2 m  . < 2 mq1It follows from N - G that G : G s 2 . Since x 1 2 for all
 . <  . < x g Irr G , we have Irr G F 2m q 2 we use the fact that G is a1
.D -group . Therefore,1
2 mk G s Irr G F Lin G q 2m q 2 s 2 q 2m q 2. 2 .  .  .  .
 .1i m s 1.
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  .  .4  .Then GrN g Q 8 , D 8 , where D 2m is a dihedral group of order
2m, and p ) 2. We have
2n 2 2< < < <8 p y 1 s G y G : N s x 1 F 4 q 2 ? 8 s 144. .  .
 .  .xgIrr G yIrr GrN
n  .Thus p F 19. If n s 1 then C N is abelian of index 2 in G, so thatG
 4 w xcd G s 1, 2 by I, Theorem 6.15 , and we obtain a contradiction. Thus
n 2 < <   .  ..  .  .n ) 1. Then p s 3 , G s 72, 8 g cd G, and G s Q 8 , E 9 , D 8 E 9
are not a D -groups.1
 .2i m ) 1.
X   ..  .If G is nilpotent, it is abelian since N - Z F G , where F G is the
  . X.Fitting subgroup of G in our case F G s G . Then G is supersolvable
  .  .because GrZ P , where P g Syl G , as an extension of a p-group N by2
X .an elementary abelian 2-group GrG , is supersolvable . Thus, n s 1. Next,
 .  2 m.  .  .GrZ P s E 2 C p , a semidirect product with kernel C p , is not a
X  X .  4D - or D -group since m ) 1. Thus G is not nilpotent. Then Z G s 1 ,0 1
X  .G is a Frobenius group with kernel N, and C N s N since N is theG
unique minimal normal subgroup of G, so that n ) 1.
  .. Suppose that P g Syl G contains 2k cyclic subgroups of order 4 see2
w x . 2 mB2 , the analog of Miller's Theorem for 2-groups . Then exactly 2 y
1 y 2k four-subgroups of P contain PX; take L, one of them. Because LN
is not a Frobenius group it contains a G-class of elements of order 2 p
 .recall that LN 1 G . If L is another four-subgroup of P such that1
PX - L , then LN l L N s PXN is a Frobenius group. Thus, G contains at1 1
least 22 m y 1 y 2k classes of elements of order 2 p. It follows from m ) 1
that N a contains at least two G-classes. Therefore, it follows from
 . <  . <k G s Irr G that
22 m q 2m q 2 G k G G k P q 2 q 22 m y 1 y 2k .  .  .
s 22 mq1 q 2 y 2k , 2m q 2k G 22 m .
 .By the Frobenius]Schur formula, sol P , the number of solutions of2
x 2 s 1 in P, is at least 22 m y 2 m. So 4k, the number of elements of order
2 mq1  2 m m. 2 m m 4 in P, satisfies 4k F 2 y 2 y 2 s 2 q 2 recall that
. 2 m mexp P s 4 . Hence 4m G 2 y 2 , but this is impossible for m ) 1. Thus
 .GrN \ ES m, 2 .
 .ii GrN is a D -group.1
 .Then GrN is a q-group, q F 3 Lemma 2 .
a . a .  G.  . Take l g Irr N s Lin N . Since Irr l l Irr GrN s B here
 .  ..  .we consider Irr GrN as a subset of Irr G and Irr GrN has two1
characters of the same degree, all irreducible constituents of lG have
G  .   ..distinct degrees. So l s ex , x g Irr G Lemma 1 d . Hence x vanishes
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a  . < < <  . G . < <on P , P g Syl G , so that P x 1 . It follows from l 1 s P thatq
G  . a . w xe s 1 and l s x g Irr G for any l g Irr N . By K, Corollary 37.5.4 ,
 .G s P, N , P ( GrN is a generalized quaternion group. But a general-
ized quaternion group GrN of order at least 24 is not a D -group, a1
contradiction. Thus, GrN is abelian.
4. METABELIAN D -GROUPS1
By Lemma 3, the commutator subgroup GX of a nonnilpotent solvable
D -group G is the last member of the lower central series of G. In this1
section we classify all nonnilpotent D -groups G such that GX is abelian.1
LEMMA 4. Suppose that a D -group G is not nilpotent and GX is abelian.1
Then one and only one of the following assertions is true:
 .   m . .  m..a G s C q y 1 r2 , E q , q ) 2 is a prime.
 .  m .  m.  m.b G s C 2 q y 2 E q , a semidirect product with kernel E p ,
GrZ G s C q m y 1 , E q m , GX s E q m . .  .  .  . .
 .   m .  m..  .c G s C q y 1 , E q = C 2 .
 .  .Proof. It is easy to see that the groups a ] c are D -groups.1
We have to consider the following two cases.
 . X < X < ni G is a minimal normal subgroup of G, G s p , p is a prime.
X  .Since G is not nilpotent, G g F G , the Frattini subgroup of G
 . XWielandt . Therefore G contains a maximal subgroup A such that G g A.
X  4 XIt follows from A l G s 1 that G s AG is a semidirect product.
 .Obviously, A is abelian and Z G s A , where A is the intersection ofG G
 .  .all conjugates of A in G. Hence, G s GrZ G s A, R is a Frobenius
X  .  .  < <4group with kernel R s G Z G rZ G . Then A is cyclic, cd G s 1, A .
y1 n< <  .Since G is a D -group, i F 1, then A s e p y 1 , where e s 1 ifi
i s 0, and e s 2 if i s 1.
 .  4 a X.Let e s 1. Then Z G ) 1 . Since Irr G is a G-orbit, it follows that
 n 4   . w x. <  . <cd G s 1, p y 1 see Lemma 1 b and I, Theorem 6.15 , Irr G s 21
 .since G is a D -group . Then1
2 2 Xn n n< < < < < <Irr G p y 1 s 2 p y 1 s G y G : G s A p y 1 .  .  .  .1
2ns Z G p y 1 , .  .
<  . <  .   n .  n..  . Xso that Z G s 2, GrZ G s C p y 1 , E p , Z G g G . Thus, G
 .  .is one of the groups b , c .
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1 n n .    ..  ..Suppose that e s 2. Then GrZ G s C p y 1 , E p . It follows2
 G.  . a X. G  .from Irr l : Irr G for every l g Irr G , that l s ex , x g Irr G1
  ..  .Lemma 1 3b ; GrZ G is a Frobenius group which is a D -group and1
 . G a < < <  . GZ G g ker l . Then x vanishes on A , A x 1 , so e s 1 and l s
 .  X. w x  .  4x g Irr G . In that case G s A, G K, Corollary 37.5.4 , Z G s 1 .
  n . .  n..Thus G s C p y 1 r2 , E p .
 . Xii G is not a minimal normal subgroup of G.
< <Induct on G .
X < < nLet R - G and R a minimal normal subgroup of G, R s p , p a
prime, n ) 0. By Lemma 3, GrR is not nilpotent. Now, GrR is a
 .X X  .D -group, i F 1. Note that GrR s G rR is abelian. By i , we have toi
consider the following possibilities.
 .   m .  m..1ii GrR ( C q y 1 , E q , i.e., i s 0.
Suppose, that q / p. Since GX is abelian, GX s Q = R and Q is a
minimal normal subgroup of G too. Since p / q, GrQ is a D -group see1
w x.  .  4BCH . It follows from the structure of G that Z G s 1 . By induction
  n . .  n..  .  . XGrQ ( C p y 1 r2 , E p , or C 2 ( Z GrQ g G rQ and
 .   n .  n..GrQrZ GrQ ( C p y 1 , E p .
1 1n n m n   ..  ..  .Let GrQ ( C p y 1 , E p . Then q y 1 s p y 1 and2 2
G s C q m y 1 , E pn = E q m , .  .  . .
1
m n 4cd G s 1, q y 1 s 1, p y 1 . . 52
<  . <Since G is a D -group then Irr G s 2. Now1 1
< < < X < n mG y G : G p q y 1
2 s Irr G s s .1 m2m q y 1q y 1 .
pnq m y q m q q m y 1 2 q m pn y 1 .
ms s q 1 s 2 q q 1 ) 2,m nq y 1 p y 1
a contradiction.
 .  .  .   n .  n..Let Z GrQ ( C 2 and GrQrZ GrQ ( C p y 1 , E p . Then
m  n . a X.  . X <  . X <q y 1 s 2 p y 1 . If l g Irr G , then I l s G or I l : G s 2,G G
 .  mwhere I l is the inertia subgroup of l in G. Therefore, cd G s 1, q yG
1 Xm .4 <  . <1, q y 1 . Then Irr G s 3 since G is a D -group. Now G contains1 12
 n . m . np y 1 q y 1 elements of order pq, lying in p y 1 ) 1 distinct
X  4G-classes. So G y 1 is the union of at least four G-classes, contradicting
<  . < X  .the equality Irr G s 3. Thus, p s q, G g Syl G .1 p
X  X.  X < p :Suppose that exp G ) p. Then R s F G s x g G x s 1 . Since
GXrR is a minimal normal subgroup of GrR and R is a minimal normal
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X  2 .m  2 .subgroup of G then G s C p , a direct product of m copies of C p .
By the Schur]Zassenhaus theorem G s AGX, a semidirect product, A (
 m . a X  X.C p y 1 . Since any element in A acts on G rF G in a fixed-point-free
  m .  2 .m.  m 4manner it follows that G s C p y 1 , C p . So cd G s 1, p y 1
<  . <  2 m .  m . mand 2 s Irr G s p y 1 r p y 1 s p q 1 ) 2, a contradiction.1
Thus exp GX s p. Then, by Maschke's Theorem, GX s R = S, where
< < m   m . X. X  2 m.S 1 G. As before, S s p , G s C p y 1 , G , G ( E p , and easy
calculations yield a contradiction.
 .   m . .  m..2ii GrR ( C q y 1 r2 , E q , or
 .  .  . X  .   m .  m..3ii C 2 ( Z GrR g G rR, GrRrZ GrR ( C q y 1 , E q .
Suppose that GX s R = S, where S is normal in G. Since GrR is a
 .D -group then GrS is a D -group, and a contradiction follows from 1ii .1 0
X  2 .m  .So S does not exist. Then, as above, G s C p . In case 2ii we have
mm 2G s C p y 1 r2 , C p , Irr G s 2 .  . .  . . 1
 .and easy calculations yield a contradiction. Consider case 3ii . If p ) 2
 .  . Xthen Z G s C 2 by Hall's Theorem on p -automorphisms of p-groups.
w x  .  .By induction and by BCH , GrZ G is not a D -group i s 0, 1 , ai
contradiction. Now let p s 2. Take C, a subgroup of order 2 m y 1 in G
 . X  X.  mSchur]Zassenhaus . Obviously CG s C, G . Then cd G s 1, 2 y
 m .4  . m1, 2 2 y 1 and Irr G contains two characters of degree 2 y 1. Then1
2 2m 2 m m m m< <2 2 y 1 2 s G s 2 2 y 1 q 2 2 y 1 q 4 2 y 1 , .  .  .  .
22 mq1 s 2 q 6 2 m y 1 s 6 ? 2 m y 4, .
so that m s 1, a contradiction.
The following two lemmas are important in what follows a group G in
.Lemma 5 is not assumed to be solvable .
LEMMA 5. Suppose that G is a D -group and an odd prime di¨ ides1
< X < X X X  X.G : G . If LrG is a 2 -Hall subgroup of GrG , then L s A, G . In
particular, GX is nilpotent.
Proof. Let HrGX be a subgroup of prime index p ) 2 in GrGX. Take
 .  .  . Gt g Irr G and suppose that p ¦ t 1 . Then d s t g Irr H and d s1 H
 .t q ??? qt , where t , . . . , t g Irr G are distinct of the same degree1 p 1 p 1
 .  . <  .t 1 , a contradiction since p ) 2 and G is a D -group . Thus p t 1 for1
 .any t g Irr G . Hence G is p-nilpotent for any odd prime divisor p of1
< X < w x.G : G I, Corollary 12.2 . Let M be the normal p-complement of G,
< X <where p is the set of all odd prime divisors of G : G . Then GrM is
nilpotent. By Lemma 3, GrM is abelian.
X X  .Then G F M and L s AG , a semidirect product Schur]Zassenhaus ,
 X.where A is a p-Hall subgroup of G. It remains to prove that L s A, G .
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a X.   .. G 1 G  1 2 .Take l g Irr G . Then Lemma 1 b l s ex or l s e x q x ,1
1 2  .where x , x g Irr G of the same degree.1
Let lG s ex 1. Then x 1 vanishes on G y GX. Since Aa : G y GX then
1 a < < < 1 .  < < <  . <.x vanishes on A and A x 1 . In particular, gcd A , I l s 1,G
 .where I l is the inertia group of l in G.G
G  1 2 . 1 2 a < < <Now let l s e x q x . Then x q x vanishes on A so A
 1 2 . . 1 . < < < < < 1 .x q x 1 s 2 x 1 . Since A is odd then A x 1 .
Thus, any element of Aa induces a regular permutation on the set
a X. X Irr G , so it induces a fixed-point-free automorphism of G Brauer's
.  X.Permutation Lemma . Thus, L s A, G is a Frobenius group with kernel
X XG . By Thompson's Theorem, G is nilpotent.
LEMMA 6. Let N be a normal subgroup of index p2 in a D -group G. Then1
<  .  .  .p x 1 for e¨ery x g Irr G in particular, G has a normal p-complement .1
 4  .Proof. By assumption, N ) 1 . Suppose that p ¦ x 1 for some x g
 .  . GIrr G . Then d s x g Irr N by Clifford theory and d is the sum of1 N 1
2   ..p distinct irreducible characters of the same degree Lemma 1 3b , a
<  .  . wcontradiction. Thus, p x 1 for all x g Irr G , and G is p-nilpotent by I,1
xCorollary 12.2 .
5. PROOF OF THE MAIN THEOREM
In this section we will complete the description of solvable D -groups.1
THEOREM 7. Suppose that G is a sol¨ able D -group. Then one of the1
following assertions is true:
 .  .a G s ES m, 3 .
 .b G s S .4
 . < < 2 mq1 < X < <  . <c G s 2 , G s 2, Z G s 4.
 . < < 2 mq1 < X < <  . <d G s 2 , G s 4, Z G s 2.
 .   m . .  m..e G s C p y 1 r2 , E p .
 .   m .  m..  .f G s C p y 1 , E p = C 2 .
 .  .  . X  n.  m .  m.g C 2 ( Z G g G ( E p , G s C 2 p y 2 E p , a semidi-
 .   m .  m..rect product, GrZ G ( C p y 1 , E p , p ) 2.
 .  m.h G ( M 2 , the normalizer of a Sylow 2-subgroup of the Suzuki
 m.simple group Sz 2 , m ) 1 is odd.
 . < <  m . 3mi G s 2 y 1 2 , m ) 1 is odd,
G s C 2 m y 1 , GX , GrZ GX ( M 2 m , .  .  . .
X Y 2 m < < < <Z G - G ( E 2 , Irr G s Irr GrZ G9 q 1. .  .  .  . .
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 .  .Proof. Obviously, all groups a ] i are D -groups.1
In view of Lemmas 2, 4 we may assume that G is nonnilpotent and GX is
Y  . Ynonabelian. Then GrG is nonnilpotent Lemma 3 . Therefore GrG is a
 4nonnilpotent D -group, i g 0, 1 , and its commutator subgroup is abelian.i
w x YIt follows from BCH and Lemma 4 that GrG is one of the following
four groups:
C q m y 1 , E q m , C q m y 1 r2 , E q m , .  .  .  . .  . .
C 2 q m y 2 E q m , a semidirect product with kernel E q m , .  .  .
C q m y 1 , E q m = C 2 . .  .  . .
Y  4By hypothesis, G ) 1 . In what follows we will consider the third and
fourth cases simultaneously.
Y   m .  m..Case 1. GrG ( C q y 1 , E q .
X  m . a X . G 1 GThen GrG ( C q y 1 . If l g Irr G , then l s x or l s
x 1 q x 2, x 1 and x 2 are nonlinear irreducible characters of the same
  ..degree Lemma 1 a .
G 1 1  m .XLet l s x . Then x s l q ??? ql k s q y 1 is the CliffordG 1 k
decomposition, l s l. If lG s x 1 q x 2, then1
q m y 1
1 2
X Xx s x s l q ??? ql k s , l s lG G 1 k 1 /2
m <  .is the Clifford decomposition. Thus, in any case q y 1 2 x 1 , where
 .  m .  .x g Irr G . Let p be the set of all prime divisors of q y 1 r2 if q ) 21
m  . w xor q y 1 if q s 2 . By I, Corollary 12.2 , G has a normal p-complement
H and GrH is nilpotent. Since GrGX is cyclic then GrH is cyclic too.
X < X <  m .Hence, H G G , H : G F 2. Moreover, if q y 1 r2 is even or q s 2
X   m . X. wthen H s G . Now, if q s 2 then G s C q y 1 , G K, Corollary
x X  .  X Y .37.5.4 and G g Syl G since G rG is primary .2
 . mi G is not a Frobenius group, q y 1 is a power of 2.
 .1i m s 1.
 . Y < Y < n1.1i Suppose that G is a minimal normal subgroup of G, G s p .
X  Y  X. XSince G is not abelian, p / q otherwise G F Z G and G is abelian
< X Y < .since G rG s q and
X  4 X Y nZ G s 1 , G s C q , G ( C q , E p , .  .  .  . .  .
X  4cd G s 1, q , cd G s 1, q y 1, q q y 1 r2 , 4 .
Irr G s 3, .1
  .  .4 <  . <or cd G s 1, q y 1, q q y 1 r2, q q y 1 , Irr G s 4.1
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 . <  . <1.1.1i Irr G s 3.1
By the degree equation,
2q q y 1 q q y 1 .  .
n n< <q y 1 qp s G s q y 1 q q 2 , p y 1 s . .  .  /2 2
 Y . Y k  a.It follows from C G s G that n ) 1. Now, q s 1 q 2 k s 2 , aG
n ky1 k .Fermat prime. Thus, p y 1 s 2 1 q 2 .
n 2 < <If a s 0 then q s 3, p s 2 , G s 24. Since Sylow subgroups are not
normal in G, G ( S . Let a ) 0. If n ) 1 is odd then4
p y 1 1 q p q ??? qpny1 s 2 ky1 1 q 2 k .  . .
 k . ny1recall that 1 q 2 s q is a prime . Since p ) 2 and 1 q p q ??? qp is
odd,
p y 1 s 2 ky1 , 1 q p q ??? qpny1 s 1 q 2 k .
It follows from the first equality that k y 1 s 2 a y 1 is a power of 2, so
that a s 1, k s 2, p s 3, 1 q 3 q ??? q3ny1 s 1 q 2 k s 5, a contradic-
n  s . s . ky1 k .tion. If n s 2 s is even, then p y 1 s p y 1 p q 1 s 2 1 q 2 .
 s .  s . kSince p q 1 y p y 1 s 2 and 1 q 2 s q is a prime, we obtain a
contradiction.
 . <  . <2.1.1i Irr G s 4.1
Then
2 2n < <q y 1 qp s G s q y 1 q q 2 q q y 1 r2 q q q y 1 4  4 .  .  .  .
and
pn y 1 s 3q q y 1 r2 s 3 ? 2 ky1 1 q 2 k , k s 2 a , n ) 1, .  .
 . n < <  .   . 42   .42or q y 1 qp s G s q y 1 q q q q y 1 r2 q 2 q q y 1 , and
pn y 1 s 9q q y 1 r4 s 9 ? 2 ky2 1 q 2 k . .  .
It is easy to check that a ) 1. Then p ) 2.
Consider the first equation.
 . ny1. ky1 k .Let n be odd; then p y 1 1 q p q ??? qp s 3 ? 2 1 q 2 .
Then p y 1 is even, 1 q p q ??? qpny1 is odd. A contradiction follows
from
22ny1 ky1 k1 q p q ??? qp ) p y 1 , 2 ) 3 1 q 2 . .  .  . .
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Let n s 2 s is even. Then
pn y 1 s ps y 1 ps q 1 s 3 ? 2 ky1 1 q 2 k , .  .  .
ps q 1 y ps y 1 s 2. .  .
s  k .So p " 1 are even. Now a contradiction follows from 2 1 q 2 y 3 ?
2 ky1 ) 2.
n ky2 k .Let us consider the second equation p y 1 s 9 ? 2 1 q 2 .
 . ny1. ky2Suppose that n is odd. Then p y 1 1 q p q ??? qp s 9 ? 2
 k . ny1  .21 q 2 and 1 q p q ??? qp ) p y 1 . It is easy to check that a ) 2.
Therefore p y 1 s 2 ky2. Then k y 2 is a power of 2, whence a s 2,
which is impossible.
Suppose that n s 2 s is even. Then
pn y 1 s ps y 1 ps q 1 s 9 ? 2 ky2 1 q 2 k . .  .  .
 a.It is easy to check that this equality is impossible we recall that k s 2 .
 . Y2.1i Now let G not be a minimal normal subgroup of G.
Take in GY a normal subgroup R of G such that GYrR is a minimal
w xnormal subgroup of GrR. From the result proved above and BCH we see
that GrR ( S is a D -group. To obtain a contradiction, we may assume,4 1
without loss of generality, that R is a minimal normal subgroup of G. Set
< < nR s p .
Y w x  4Suppose that G is abelian. Then, by I, Theorem 6.15 , cd G s 1, 2, 3, 6 ,
 .  .moreover, d G s 2 ? 1, 1 ? 2, 2 ? 3, 1 ? 6 . By the degree equation we have
n < < < < 2  .24 p s G s GrR q 6 s 60 recall that GrR ( S is a D -group , a4 1
contradiction. Thus, GY is not abelian.
Y  w x. YLet p ) 2. Then G is not nilpotent. So see BZ, Chap. 11 4 g cd G
  . . w xYin that case C R s R so that n ) 1 . By I, Theorem 6.15 and theG
n n  2 3 24  .degrees equation, p - 36, so that p g 3 , 3 , 5 . Since C R s R, weG
have pn s 33. Suppose that 24 g cd G. Then a contradiction follows from
< < < <  3 .the degree equation. Thus, 24 f cd G. Since G y GrR s 24 3 y 1 )
42 q 62 q 82 q 122, we obtain a contradiction.
 Y .  Y .Let p s 2. Since R F Z G note that G is the Fitting subgroup of G
Y Z < Y Z < Yand G is not abelian, R s G . Since G : G s 4, G is a 2-group of
 . < <maximal class Taussky's Theorem . Therefore R s 2, so that G is a
 .  4representation group of S and d G s 2 ? 1, 3 ? 2, 2 ? 3, 1 ? 4 , so that G is4
not a D -group, a contradiction.1
 .2i m ) 1.
Then q m s 32. Suppose that GY is a minimal normal subgroup of G,
< Y < n XG s p . By assumption, G is not abelian.
 .1.2i p s 3.
FINITE SOLVABLE GROUPS 597
Y  X.  X. XThen G s Z G s F G and G is a minimal nonabelian 3-group;
< Y <  . <hence G s 3. By Reynolds' Theorem on degrees x 1 24 for all x g
 .  .Irr G in fact, G contains an abelian subnormal subgroup of index 24 .
< <Now G s 216. So 24 f cd G. Let H be a subgroup of index 2 in G. Then
 . 3 divides the degree of any faithful character in Irr H see the proof of1
. <  . <Lemma 3 so 2 f cd G. If 12 g cd G then Irr G s 2, a contradiction1
 w x.  4see BZ, Theorem 31.6 . Thus 12 f cd G. Thus, cd G : 1, 3, 4, 6, 8 , and
a contradiction follows from the degree equation.
 .  .2.2i p / q s 3 .
 Y . Y X  4 w x a X .XSince C G s G , it follows that cd G s 1, 3, 9 IP . If l g Irr GG
 . G 1 G 1 2  1 2  .then, by Lemma 1 a , l s x or l s x q x x , x g Irr G are1
.  .distinct of the same degree and, by Clifford's Theorem, we have for d G9
one of possibilities:
9 ? 1, 12 ? 3, 8 ? 9 , 9 ? 1, 8 ? 3, 12 ? 9 , 9 ? 1, 4 ? 3, 8 ? 9 , .  .  .
9 ? 1, 8 ? 3, 4 ? 9 . .
Applying to GX the degree equation, we obtain a contradiction.
Suppose that GY is not a minimal normal subgroup of G. Let R - GY
and let R be a normal subgroup of G such that GYrR is a minimal normal
 .subgroup of GrR. Then by the above GrR is not a D -group i s 0, 1 , ai
contradiction.
 . mii q y 1 is not a power of 2, G is not a Frobenius group.
w x a X. G 1By K, Corollary 37.5.4 there exists l g Irr G such that l s x q
x 2 where x 1, x 2 are of the same degree. Therefore q m y 1 is even, so
that q ) 2.
Y < Y < nFirst suppose that G is a minimal normal subgroup of G, G s p . Let
a X.l be as before. If m g Irr G is not conjugate to l under G, then
G  .   .. Y   m .  m..m g Irr G Lemma 1 a . Since GrG ( C q y 1 , E q then l g
 X.Irr G .1
 .1ii p s q.
 X. Y  X . X < X < mq nIn that case Z G s G s F G , i.e., G is special, G s q . Let C
be a subgroup of order q m y 1 in G; then CGY is not a Frobenius group
 . Y  X. Yotherwise G is a Frobenius group . Since G s Z G and G is a minimal
normal subgroup of G, GY is a minimal normal subgroup of CGY and
< < < Y < w x  m .C s G y 1 B1, Lemma 8 . Hence n s m. Thus C ( C q y 1 acts
Y  m. Yirreducibly on G ( E q , and, by Maschke's Theorem, CG is a Frobe-
nius group, a contradiction.
 .2ii p / q.
X  .Then G is nilpotent Lemma 5 and hence it is abelian, a contradiction.
Now let GY not be a minimal normal subgroup of G. Take R - GY such
that R 1 G and GYrR is a minimal normal subgroup of GrR. Then, by
the above, GrR is a Frobenius group with nonabelian Frobenius kernel.
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By Burnside's result q m y 1 is odd. So G is a Frobenius group with kernel
X  .G Lemma 5 , a contradiction.
 .iii G is a Frobenius group.
  m . X. X  . X YWe have G s C q y 1 , G , G is nilpotent Thompson . Since G rG
X  . X  .is a q-group then G g Syl G . Since G is not abelian Lemma 4 thenq
 . < Y < nq s 2 Burnside . Set G s 2 .
 . Y1iii G is a minimal normal subgroup of G.
w x Y XThen n s m B1, Lemma 8 . Set R s G . Assume that G y R contains
 :  :  X.an involution ¨. Then R, ¨ s R = ¨ since R F Z G . Since all sub-
groups of order 2 are conjugate in GrR, then all containing R subgroups
mq 1  :  mq 1.of order 2 are isomorphic to R, ¨ ( E 2 . It follows from
y1 : X X XD x ¨ , R x s G that exp G s 2 and G is elementary abelian, ax g G
 : X.contradiction. Thus, R contains all involutions of G. If G s c , G then
 : Xc acts in a transitive manner on the set of all involutions of G . By
w x XHigman's Theorem H , G is a Suzuki 2-group. In particular m ) 1 is odd.
 .  . X mLet x g Irr G y Irr GrR . Then x s l q ??? ql is the1 G 1 2 y1
 .2 < X  X. <  .Clifford decomposition. It follows from l 1 F G : Z G that x 1 si
 m . c  .2 y 1 2 , where c F m y 1 r2.
 . 1 2Suppose that Irr G contains two distinct characters x and x of the1
 m . my1.r2same degree 2 y 1 2 . Then
2 2Y 1 2 m 2 m< < < <GrG q x 1 q x 1 s 2 y 1 2 s G .  .  .
 .  m .  m .  m . my1.r24and d G s 2 y 1 ? 1, 1 ? 2 y 1 , 2 ? 2 y 1 2 . In that case
X  4 X YG y 1 is the union of three G-classes. Therefore, if x g G y G then
<  . <  m . my 1 X   m..G : C x s 2 y 1 2 and G ( P g Syl Sz 2 ; hence G (G 2
 m.  m. w xM 2 , the normalizer of P in Sz 2 H .
 .  mSuppose that Irr G contains at most one character of degree 2 y1
. my1.r21 2 . We may assume that m ) 3. Then
22 m m m m< <G s 2 2 y 1 ) 2 y 1 q 2 y 1 .  .  .
? 1 q 22 q q ??? q2 my 3 q 2 my 1 . .
< <  .2But this inequality denotes that G )  x 1 , a contradiction. Inx g IrrG.
 .that case we obtain group h .
 . Y2iii G is not a minimal normal subgroup of G.
Take a subgroup R - GY such that R 1 G and GYrR is a minimal
 m.normal subgroup of GrR. By the above, GrR ( M 2 , the normalizer of
 m.a Sylow 2-subgroup of a Suzuki simple group Sz 2 , m ) 1 is odd. First
< < nassume that R is a minimal normal subgroup of G, R s 2 . We have
w xn s m by B1, Lemma 8 . Then
< < m < X < 3m a XR s 2 , G s 2 , R is a G-class, R F Z G . .
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 X.  X . Y w xAssuming R - Z G , we obtain Z G s G . Then, by H and
Y w xMaschke's Theorem, G s R = S, where S 1 G. Since, by BCH , GrS is
 X.not a D -group, G is not a D -group, a contradiction. Thus R s Z G0 1
X w xand G is of class 3. By Higman's Theorem H , there exists an involution
X  :  mq 1.¨ g G y R. Then R, ¨ ( E 2 . All involutions of G are contained
in GY. Now all subgroups of GYrR of order 2 are permuted cyclically by
 :  : X. Y Yc , where G s c , G . So exp G s 2, i.e., G is elementary abelian. If
 .  .x g Irr G y Irr GrR then
x X s l q ??? ql , k s 2 m y 1,G 1 k
 4  .  X.Xwhere l , . . . , l s Irr x , R g ker l for all i. Therefore, Irr G y1 k G i
 X . m cjIrr G rR contains exactly 2 y 1 characters of each of degrees 2 ,
j s 1, . . . , s, c - c - ??? c , and only such characters. We have1 2 s
< X < < X < m 2 m m 2 c1 2 csG y G rR s 2 y 1 2 s 2 y 1 2 q ??? q2 . 3 .  .  .  .
 . <  . <  .  .It follows from 3 that s s 1, so that Irr G s 4, Irr G y Irr GrR s1
 4  .  m . mx , where x 1 s 2 y 1 2 . We have
G s C 2 m y 1 , GX , GrZ G ( M 2 m , .  .  . .
Y 2 m m 3m< <G ( E 2 , Irr G s 4, G s 2 y 1 2 . .  .  .1
 m.Denote this group by M 2 . We will prove that if R is a minimal normal0
  m . X.  m.2-subgroup of G s C 2 y 1 , G such that GrR ( M 2 then G is0
 X .  X . mnot a D -group. As above, Irr G y Irr G rR contains exactly 2 y 11
characters of each of degrees 2 c1, . . . , 2 cs, c - ??? - c , and only such1 s
characters. Then
< X < < X < m 3m 2 c1 2 csG y G rR s 2 y 1 2 2 q ??? q2 . 4 .  .  .
Since 3m is odd, we obtain a contradiction. This completes Case 1.
Y   m . .  m..Case 2. GrG ( C q y 1 r2 , E q .
X  m . .Then q ) 2, GrG ( C q y 1 r2 .
a X. Y G  .  YLet l g Irr G . If G F ker l, then l g Irr G since GrG is a
. Y YFrobenius group . If G g ker l then, since GrG is a D -group, we have1
G  .   ..   m . . X . wl g Irr G Lemma 1 a . So G s C q y 1 r2 , G K, Corollary
x X X Y X37.5.4 . In particular, G is nilpotent. Since G rG is a q-group, G g
 .Syl G .q
Y  4In view of Lemma 4 we may assume that G ) 1 . We will show that
this assumption leads to a contradiction. We may assume, without loss of
Y < Y < ngenerality, that G is a minimal normal subgroup of G. Set G s q .
X  m .  .Since G is nonabelian, q y 1 r2 is odd Burnside , and, as above,
Y  X.  X.  m . < n ..G s Z G s F G . Since G is a Frobenius group, q y 1 r2 q y 1 .
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 m . < n .  m . nMoreover, q y 1 q y 1 since q y 1 r2 is odd and q y 1 is even.
w x  m .By B1, Lemma 8 we have n s m. Since q y 1 r2 is odd, m is odd. If
 .  .  m . c Yx g Irr G , then x 1 s q y 1 q r2, 2c - m. Since GrG is a D -1 1
group,
 .my1 r21 12 2Y m m m 2 i< < < <G y G : G s q y 1 q F q y 1 q .  . 2 4 is1
2m mq1 2q y 1 q y q .  .
s ,24 q y 1 .
a contradiction.
 .  Y . X YCase 3. C 2 ( Z GrG g G rG and
GrGYrZ GrGY ( C q m y 1 , E q m . .  .  . .
X  m .  m .  .Then GrG ( C 2 q y 2 or C q y 1 = C 2 .
We will obtain a contradiction in that case. It is sufficient to assume that
Y < Y < nG is a minimal normal subgroup of G. Set G s p , n ) 0.
a X.  Y .Take l g Irr G y Irr G9rG . Since the irreducible constituents of
G   .. G  .l have the same degree Lemma 1 b , l s ex , where x g Irr G and
e F 2 the degree of an irreducible projective representation of a subgroup
X .of GrG is at most 2 .
< X <Suppose that G : G is not a power of 2.
 . X Y X YThen Lemma 5 G is nilpotent, whence p s q. Since G and G rG
Y Y  X.are minimal normal subgroups of G, GrG , respectively, and G F Z G
Y  X.  X. Xit follows that G s Z G s F G . Hence G is extraspecial. Let
 X.  X: 2 YZ GrG s uG . Obviously, u g G .
Suppose that p ) 2. Then we may choose u to be an involution. Since u
X  X. Xinduces the identity automorphism on G rF G , u centralizes G by
X  .Hall's Theorem on p -automorphisms of p-groups. Then u g Z G and
 :  m.Gr u ( M 2 , the normalizer of a Sylow 2-subgroup of the Suzuki
 m.  m.  :    m..simple group Sz 2 . Then G s M 2 = u since Out M 2 is of odd
.order is not a D -group, a contradiction.1
Suppose that q s 2. Then GrGX is cyclic. If LrGX is a subgroup of in-
X   m . X.  .dex 2 in GrG , then Ls C q y1 , G , a Frobenius group Lemma 5 .
 m.  .We claim that that L ( M 2 . Take P g Syl G . Obviously, P is the2
Y  . YFitting subgroup of G. Since G F Z P , G is a minimal normal subgroup
 m . Y w xof C 2 y 1 G . Hence B1, Lemma 8 m s n. Suppose that there is in
X Y  Y:  : Y  mq 1.G y G an involution ¨ . Then ¨ , G s ¨ = G ( E 2 . All sub-
groups of order 2 are conjugate in LrGY. It follows from GX s
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 Y: y1 X XD x ¨ , G x that exp G s 2 and G is abelian, a contradiction.x g L
Y X  m .Thus G contains all involutions in G . Then C 2 y 1 permutes all
X w x Xinvolutions from G cyclically. By Higman's Theorem H , G is a Suzuki
 m.2-group. As before, L ( M 2 , the normalizer of a Sylow 2-subgroup of a
 m.  m.Suzuki simple group Sz 2 . But M 2 has no outer automorphism of
 .  m.  .order 2 Suzuki . Therefore G s M 2 = C 2 , and G is not a D -group,1
a contradiction.
Now we may assume that q m y 1 is a power of 2. Then m s 1 or
q m s 32.
 .i m s 1.
In that case q s 1 q 2 k, k s 2 a.
X < X Y < X Since G is nonabelian and G : G s q, G is not nilpotent otherwise
Y   .. X .G F Z F G and G is abelian . In particular, p / q. In that case
X   . Y . X  4 X  Y .G s C q , G and cd G s 1, q . It follows from G g C G thatG
X  X. Yn ) 1. Note that GrG is a 2-group. Take l g Irr G . Since G g ker l1
and GrGY is a D -group, all the irreducible constituents of lG have1
G  .   ..distinct degrees. Hence l s ex , x g Irr G Lemma 1 d . Take Q g
 X .  .Syl G s Syl G . By Frattini's Lemma,q q
X Y Y Y  4G s N Q G s N Q QG s N Q G , N Q l G s 1 . .  .  .  .G G G G
X a   ..Since x vanishes on G y G , x vanishes on P , where P g Syl N Q .2 G
< < <  .  . <  . < < < X <  .So P x 1 . Since l 1 s q x 1 , we obtain P q s G : G l 1 s
G . <  . Gl 1 x 1 . Therefore l s x . Since the degrees of all nonlinear irre-
Y wducible characters of GrG are even, G has a normal 2-complement I,
x X  .Corollary 12.2 , and it is G . In particular, p ) 2 and P g Syl G . Now,2
 .  .  X.x 1 s 2 q q y 1 does not depend on the choice of l in Irr G . If1
a Y . G  GX .G  . GX  X. m g Irr G , then m s m g Irr G since m g Irr G recall that1
X  Y ..   . 4 < . <G s Q, G . Thus cd G s 1, q y 1, 2 q y 1 q , so that Irr G s 31
 .  .  X. <  X. <  .Xsince G is a D -group . Now Irr x s Irr G , Irr G s 2 q y 1 .1 G 1 1
Hence
X X Y Xn 2 2< < < <q p y 1 s G y G rG s Irr G q s 2 q y 1 q , .  .  .1
pn y 1 s 2 q y 1 q , n ) 1. .
k a n kq1 k .Since q y 1 s 2 , k s 2 , we have p y 1 s 2 1 q 2 . Since n ) 1,
 . ny1. kq1we have a ) 1. If n is odd, then p y 1 1 q p q ??? qp s 2 1 q
k . ny1 k2 . Since 1 q p q ??? qp is odd and 1 q 2 s q is a prime,
1 q p q ??? qpny1 s 1 q 2 k - 21qk s p y 1,
a contradiction.
n  s . s . 1qk k .Let n s 2 s is even. Then p y 1 s p y 1 p q 1 s 2 1 q 2 ,
a  s .  s  sk s 2 . It follows from p q 1 y p y 10 s 2 that gcd p q 1,
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s . s  k . s k  s .p y 1 s 2 and p q 1 s 2 1 q 2 , p y 1 s 2 . But 2 s p q 1 y
 s .  k . k kp y 1 s 2 1 q 2 y 2 s 2 q 2 ) 2, a contradiction. Thus m / 1.
 . m 2ii m ) 1. Then q s 3 .
X Y  X.  Y . XLet p s q s 3. Since G is not abelian, G s Z G s F G and G is
 .a minimal nonabelian 3-group because it is generated by two elements .
< Y < XThen G s 3. By Hall's Theorem on p -automorphisms of p-groups
 .  :  :Z G s u where u is an involution. Then, by the above, Gr u is not a
 .D -group i s 0, 1 , a contradiction.i
Let p / q s 3. Since GX is not abelian, it is not nilpotent. It follows
X  Y .  X. Gfrom G g C G that n ) 1. If l g Irr G , then l s ex , whereG 1
 .   ..  .   ..x g Irr G Lemma 1 d . Let Q g Syl G and P g Syl N Q . Since xq 2 G
a < < <  . <  .  .vanishes on P then P x 1 and e s 1. Hence 2 x 1 for all x g Irr G1
w xand G is 2-nilpotent I, Corollary 12.2 . Then p ) 3 and P is a Sylow
X  4  42-subgroup of G. Now cd G : 1, 3, 9 . So cd G : 1, 8, 48, 144 . Since G is
a D -group then1
n < < < Y < 2 2144 p y 1 s G y GrG F 48 q 144 , .
pn F 1 q 16 q 144 s 161.
n  2 3 2 24 < <  Y . <Since p ) 3, n ) 1, it follows that p g 5 , 5 , 7 , 11 . Since 9 Aut G ,
n 2 Y  Y .p s 7 . However, GrG is not isomorphic to a subgroup of Aut G (
 .GL 2, 7 , a contradiction.
< <Let p be the minimal prime divisor of G . It is possible classify in the
 .same way the D -groups G k - p . The following proposition containsk
some additional information about such groups.
< <PROPOSITION 8. Let p ) 2 be the least prime di¨ isor of G , a natural
 4number k g 2, . . . , p y 1 . Suppose that G is a D -group. Then one of thek
following assertions is true:
 .a k s p y 1.
 .  X. Xb G s A, G is a Frobenius group with primary kernel G .
< < X <Proof. G is solvable since its order is odd. Let a prime q G : G . Take
in G a normal subgroup H of index q.
 .  .  .G 1 qIf x g Irr H for some x g Irr G then x s x q ??? qx , whereH 1 H
1 q  .  .x , . . . , x g Irr G are distinct of the same degree x 1 . In that case
p y 1 G k G q y 1 G p y 1, so that k s p y 1.
 .  .Henceforth, we suppose that x f Irr H for all x g Irr H . ThenH 1
<  .x s l q ??? l is the Clifford decomposition, so that q x 1 for allH 1 q
 . w xx g Irr G . By I, Corollary 12.2 , G is q-nilpotent. This is true for all1
< < X <  < X <. Xprimes q G : G . Set p s p G : G . Then G has a normal p -Hall
subgroup N such that GrN is nilpotent. Let A be a p-Hall subgroup
of G.
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 .Suppose that GrN is nonabelian. As in Lemma 2, using Lemma 1 c , we
obtain k s p y 1.
In what follows we assume that GrN is abelian. Then N s GX. Take
a X.  .l g Irr G . By Lemma 1 b ,
lG s e x 1 q ??? qx s , Irr lG s x 1 , . . . , x s , 4 . .
1 s < < X <x 1 s ??? s x 1 , s G : G . .  .
Suppose that s ) 1. Then s G p. It follows from p y 1 G s y 1 G p y 1
that s s p y 1. In what follows we assume that s s 1 for each l g
a . G  .Irr N . Then l s ex , where x g Irr G . Since x vanishes outside
a < < <  . < < < < <  .G y N G A , then A x 1 . It follows from e G : N s A and ex 1 s
< <  . G  . a . wA l 1 that e s 1 and l g Irr G for all l g Irr N . By K, Corollary
x  X . X X37.5.4 , G s A, G , a Frobenius group with kernel G . Suppose that G is
not a prime power group. By Thompson's Theorem, GX is nilpotent. Let
 .  .Q, R g Syl G be distinct. Then AQ, AR, A Q = R are Frobenius groups.
< < < X < <  . < < X < <  . <Therefore A Q : Q , so that Irr G G R : R . Analogously, Irr G G1 1
< X < < X < X < < X <Q : Q . Let Q : Q ) R : R . Since Q : Q ) p and all characters in
 Y . < < <  Y . <Irr GrG have the same degree A , we obtain Irr GrG ) p, a1 1
Xcontradiction. Thus, G is a prime power group.
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